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I. INTRODUCTION

Murphy' has studied the moment exerted by a low-viscosity spinning liquid in a coning
spheroidal container and presented some computations. The purpose of this report is to
elaborate on some of the numerical methods used by Murphy. He indicates the need of
further clarification of two numerical problems. The first problem involves the numerical
evaluation of integrals that have a singularity in their integrands. The second problem
deals with calculating complex zeroes (i.e.,complex eigenvalues) of a complex function.

II. NUMERICAL INTEGRATION

The calculations used in Reference 1 basically center around numerically evaluating
integrals. These integrals are found in Equations (6.22)-(6.23), (8.6) and (8.9) of his report
and are repeated here for convenience:

(Ukm(Skm))i + RC 2 ak_ = 0 (6.22)

where

=Dp(1 - p2 )I /2  (1 - p2) d

(Ukm~ k 2ic [P (P-) (1 0p)/d '-,Pc

D = 4(1 - b2 )

b = (m + iSkm)/2

Po = bf(1 + b2 (f 2 - 1)) - 1/2

e = _f -2

Ckkm
akin -

bkkm

.211 Am kmddP, (6.23)

(x/a) 2 (fp/po) 2 2

(kk1 )- I= I p

(r/a)2 = [~ '](-W2)
if -ph., C H., "Moment Exerted on a Coning Projectile by a Spinning Liquid in a Spheroidal Cavity," U.S. Army Ballistic

Research Laboratory, Aberdeen Proving Ground, Maryland, Technical Report BRL-TR-2775, December 1986.
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_CL. (f2 1 )(9d 2 - 1)
5

+i(f 2 -1) f1 R1/ 2  A+ L)( W .. 2 )1/2 P (u;)dw (8.6)+ 4f K

3 ti FL. lA( B1l.O
TCLM3 f iw(a,Ao + #,Bo) + fA 1  1)Bo dw (8.9)

CL =8ReI/2 f K [- fA1 - w1/

Re = Reynolds number
(k,m) {(4,0), (2,1), (4,1), (6,1)}
K- sine of the coning angle
a 0if k-I m is even

= 1i fk-1 m is odd

Pk'- p~massociated Legendre function

f = fineness ratio = height/2
maximum radius

* r = ratio of coning rate to spin rate 1
s= (E + i)r
a' = [-2i(b + C 0 )]1 /2

1 [-2i(b - Co)]1 2

CIO = f- [1 - ew 2] - 1/ 2 W
Akin, Bkm,
A0, Bo = functions of w and Sikm 1
(x/a), (r/a) (axial displacement) (radial displacement

maximum radius 1k maximum radius
CLMp. = non-dimensional side moment coefficients
d2 = (s-i)(jf2)

31(U 2 1 ),

Equation (6.22) represents the normal velocity boundary condition that must be sat-
isfied at the wall of the container for non-forced motion. (Ukm)i is the (k, n)th mode of
the normal inviscid velocity for k = 2, 4, 6 and m = 0,1 . The variable akm is obtained

by expanding the normal wall boundary layer correction in the least squares formulation
* given by the terms Ckkm and bkkm . Expression (8.6) gives the non-dimensional side moment

due to the inviscid pressure plus the boundary layer correction to this pressure resulting
- from the velocity boundary layer at the wall. The boundary layer also introduces a fur-

ther correction to the liquid side moment found from the viscous diffusion terms. This
correction is given by Equation (8.9). The definitions as well as the interpretation of the

• remaining variables in the above equations can be found in Murphy's report and the List
of Symbols at the end of this report. The corresponding integrations are carried out over
the range of [-1, 1] . By inspection it is revealed that each integrand is an even function
of w. Hence each integration is equal to twice that integration over the interval [0, 1). For
constant-amplitude motion, ekm = 0, Murphy points out that the integrands in Equations

* (6.23) and (8.6) have a singularity at w = ±w, , where

2



W= f Im -,r 1[4 + f 2 (m - r)2el- 1/2  (2.1)

rn =-0,1

After some straightforward algebra it can be shown that each integral in Equations
(6.23) and (8.6) can be written in the form:

,( )(fII jW Lai6)w f F(w, i(lA-mI)ax, ilm(fii)dw
+ f- (2.2)

where F(w, a,, #3') is an analytic function on [0,1]. Equation (2.2) shows explicitly the type
of singularity found in the corresponding integrands. Identify the first integral in Equation
(2.2) by I1 and second by 12. Using the substitution t 2 =w - w in Il and t2 = w - w, in
12 allows the integral I to be written as:

= 2 i(- 1)(1-1) G(t,. .)dt + 2 G(t, .)dt (2.3)
,J0 J

The integrals shown in Equation (2.3) are no longer singular. These integrals along with the
integral given in Equation (8.9) can now be integrated by standard numerical quadratures.

J The particular numerical quadrature that was used for Reference 1 is an iterative Simpson's
rule with adaptive gridding. This is a variation of a technique given by Sampine and Allen2

where the real integrand is replaced by a complex integrand.

III. ROOT FINDER

The results given in TABLE 3 of Reference 1 can now be found by using a numerical
root-finding technique on Equation (6.22). For completeness TABLE 3 is reproduced on
page 4.

The procedures described above allow the values of this analytic complex function to
* be calculated. The eigenvalues (Murphy's Skm) were readily found by applying a Muller3

algorithm to Equation (6.22). Its main advantage is that it requires functional values only,
not derivatives. Experience has shown that with reasonable initial guesses for smk, the

* Muller algorithm obtains the desired roots with only a few iterations.

IV. DISCUSSION

* The procedures presented in this report show one method of "eliminating the singular
point in the required integrals. These integrals as well as the eigenvalues can then be eval-
uated using standard methods found in text books on numerical analysis. The numerical
methods presented here were found to work successfully when applied to the Murphy
integration and the eigenvalue problems. All of the remaining calculated results found in

2
Sampine and Allen, 1973,Numerical Computinp:An Introdu tion ,W.B. Saunders Company.

3 MuIler, H., 1956: A Method for Solving Algebraic Equations Using an Automatic Computer. Math. Comput. 10,208-215.
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Table 1: Comparison of Eigenvalues with Greenspan/Kudlick (TABLE 3. of ref. 1)

7kTIn Re 1 2 
Ckm

(k,m) f Re=104  Re=104 Re=10 s  Greenspan
I_ Kudlick

4,0 1 1.3054 2.30 2.59 2.59
2 .7964 2.81 3.09 3.33
4 .4252 3.29 3.64 4.52

2,1 1 -.0026 1046. 1014. 1011
2 .6037 -2.91 -2.82
4 .8847 -1.31 -1.25 _

4,1* 1 -. 7130 4.16 3.73 3.70
2 -.2110 12.91 11.94 11.81
4 .3828 -4.86 -4.64 -5.22

*Two other eigenvalues exist for this case. For f=l,the other r4 1's are .3878 and 1.8203

Reference 1 can be obtained by a direct application of the formulas given there. Since this
procedure is straight-forward, no further discussion will be presented here.
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List of Symbols

akin coefficient in Eq. (6.22)
AkmBk, functions of w and s in Eq. (6.23)
b (m + is)/2
bkk,, Ckk, denominator and numerator of aki

C10  factor in Eqs. (8.6) and (8.9)
CLMp,, complex coefficient of the transverse liquid moment
d 2  coefficient in the expression (8.6)
e 1 _ f-2

F, G integrands in integrals I,I1 and 12
f fineness ratio
1,11,12 integrals in Eqs. (2.2)-(2.3)
fK sine of the coning angle
k axial wave number
m azimuthal wave number

k associated Legendre function of the first kind
Re Reynolds number
s (6 + i)T

SSkim eigenvalue of s
t integration variable

. (Uki )i factor in Eq. (6.22)
,4e, l, functions of w Eqs.(8.6),(8.9)
C non-dimensionalized damping
a 0 if k- I m Iis even; I if k- I mIis odd
r non-dimensionalized coning frequency
rkm eigenfrequency
W, latitude at which a = 0(w = w,) or = O(w = -we)
O (i inviscid quantity

'p

74"7IN
S.



DISTRIBUTIONLIST

Nu. No.
Copies Organization Copies Organization

12 Administrator 1 OPM Nuclear
Defense Technical ATTN: AMCPM-NUC

Information Center COL. W. P. Farmer
ATTN: DTIC-FDAC Dover, NJ 07801-5001
Cameron Station, Bldg. 5
Alexandria, VA 22304-6145 1 AFWL/SUL

Kirtland AFB, NM 87117-6008
1 HQDA

DAMA-ART-M 3 Commander
Washington, DC 20310 U.S. Armament RD&-E Center

US Army AMCCOM
i Commander ATTN: SMCAR-AET-A

US Army Material Cor.mand Mr. R. Kline
ATTN: AMCDRA-ST ATTN: SMCAR-AET
5001 Eisenhower Avenue Mr. F. Scerbo
Alexandria, VA 22333-0001 Mr. J. Bera

Dover, NJ 07801-5001
1 Commander

US Armv ARDEC 1 Commander
ATTN: SMCAR-TDC US Army Armament, Munitions
Dover, NJ 07801-5001 and Chemical Command

ATTN: AMSMC-IMP-L
1 Commander Rock Island, IL 61299-7300

U.S. Armament RD&E Center
US Army AMCCOM 1 Commander
ATTN: SMCAR-MSI U.S. AMCCOM ARDEC CCAC
Dover, NJ 07801-5001 Benet Weapons Laboratory

ATTN: SMCAR-CCB-TL1 Commander Watervliet, NY 12189-4050

-•U.S. Armament RD&E Center
US Army AMCCOM 1 Commander

* ATTN: SMCAR-LC US Army Aviation Systems Command
Dover, NJ 07801-5001 ATTN: AMSAV-ES

,,wS 4300 Goodfellow Blvd
1 Commander St Louis, MO 63120-1789

U.S. Army AMCCOM
AtTN: SMCAR-CAWS-AM

Mr. DellaTerga
Dover. NJ 07801-5001

9



,

DISTRIBUTION LIST

No. No.
Copies Organization Copies Organization

1 Director 1 Director
US Army Aviation Research and US Army Missile and Space

Technology Activity Intelligence
Moffett Field, CA 94035-1099 ATTN: AIAMS-YDL

Redstone Arsenal, AL 35898-5500
1 Commander

US Army Communications 1 Commander
J Electronics Command US Army Tank Automotive Command

ATTN: AMSEL-ED ATTN: AMSTA-TSL
Fort Monmouth, NJ 07703-5000 Warren, MI 48397-5000

1 Commander 1 Director
CECOM R&.D Technical Library US Army TRADOC Analysis Center
ATTN: AMSEL-IM-L, ATTN: ATOR-TSL

* (Reports Section) B. 2700 White Sands Missile Range
Fort Monmouth, NJ 07703-5000 NM 88002-5502

10 C.I.A. 1 Commander
OIC/DB/Standard US Army Development & Employment
GE47 HQ Agency
Washington, DC 20505 ATTN: MODE-ORO

A? Fort Lewis, WA 98433-5000
1 Commandant

US Army Infantry School 1 Commandant
ATTN: ATSH-CD-CS-OR US Army Field Artillery School
Fort Benning, GA 31905-5400 ATTN: ATSF-GD

Fort Sills, OK 73503
1 Commander

US Army Missile Command Director

Research Development and National Aeronautics and Space
. Engineering Center Administration

ATTN: AMSMI-RD Langley Research Center
Redstone Arsenal, AL 35898-5230 ATTN: Tech Library

Langley Station
1 Commander Hampton, VA 23365

* US Army Missile Command
ATTN: AMSMI-RDK, Mr. R. Deep 1 Director
Redstone Arsenal, AL 35898-5230 US Army Field Artillery Board

ATTN: ATZR-BDW
Fort Sills, OK 73503

0

10

N0 A

V '~ V~ -** ~ .. ; ~- ... % - V' .y \W g C - -



m

DISTRIBUTION LIST

No. No.
Copies Organization Copies Organization

1 Commander 1 Director
US Army Dugway Proving Ground National Aeronautics and Space
ATTN: STEDP-MT Administration

Mr. G. C. Travers Marshall Space Flight Center
Dugway, UT 84022 ATTN: Dr. W. W. Fowlis

Huntsville, AL 35812
1 Commander

US Army Yuma Proving Ground 1 Director
ATTN: STEYP-MTW National Aeronautics and Space
Yuma, AZ 85365-9103 Administration

Ames Research CenterDirector ATTN: Dr. T. Steger

Sandia National Laboratories Moffet Field, CA 94035
ATTN: Dr. IV. Oberkampf

Dr. W. P. Wolfe 1 Calspan Corporation
Division 1636 ATTN: W. Rae
Albuquerque, NM 87185 P.O. Box 400

Buffalo, NY 14225

1 Air Force Armament Laboratory
ATTN: AFATL/DLODL 2 Rockwell International

(Tech Info Center) ATTN: Dr. V. Shankar
Eglin AFB, FL 32542-5438 Dr. S. Chakravarthy

1049 Camino Dos Rios
1 Carco Electronics Thousand Oaks, CA 91360

195 Constitution Drive
. Menlo Park, CA 94025 1 University of Santa Clara

Department of Physics
1 Aerospace Corporation ATTN: R. Greeley

Aero-Engineering Subdivision Santa Clara, CA 95053
ATTN: Walter F. Reddall
El Segundo, CA 90245 1 Arizona State University

Department of Mechanical and
1 Commander Energy Systems Engineering

Naval Surface Weapons Center ATTN: G.P. Neitzel
ATTN: Dr. W. Yanta Tempe, AZ 85281

* Aerodynamics Branch
K-24, Building 402-12

White Oak Laboratory
Silver Spring, MD 2091.00I

o,. ii

-S !t.N j mJ|hit, ~l hidag~l l



% DISTRIBUTION LIST

No. No.
Copies Organization Copies Organization

1 Massachusetts Institute of 2 Director
Technology Lawrence Livermore National

ATTN: H. Greenspan Laboratory
77 Massachusetts Avenue ATTN: Mail Code L-35
Cambridge, MA 02139 Mr. T. Morgan

Mr. R. Cornell
1 North Carolina State University P.O. Box 808

Mechanical and Aerospace Livermore, CA 94550
Engineering Department

ATTN: F.F. DeJarnette 1 University of Wisconsin-Madison
Raleigh, NC 27607 Center for Mathematical Sciences

ATTN: Dr. John Strikwerda
1 Northwestern University 610 Walnut Street

Department of Engineering Madison,'WI 53706
,' Science and Applied

Mathematics 1 Virginia Polytechnic Institute
. ATTN: Dr. S.H. Davis and State University
% Evanston, IL 60201 Department of Aerospace
' Engineering

1 University of Colorado ATTN: Tech Library
Department of Astro-Geophysics Blacksburg, VA 24061
ATTN: E.R. Benton
Boulder, CO 80302 2 University of Southern

California
University of Maryland Department of Aerospace
ATTN: W. Melnik Engineering

J.D. Anderson ATTN: T. Maxworthy
College Park, MD 20740 P. Weidman

Los Angeles, CA 90007
1 University of Maryland

Baltimore County 1 Hughes Aircraft
Department of Mathematics ATTN: Dr. John McIntyre

,., ATTN: Dr. Y.M. Lynn Mail Code S41/B323
, 5401 Wilkens Avenue P.O. Box 92919

Baltimore, MD 21228 Los Angeles, CA 90009

1 Rensselaer Polytechnic
Institute

Department of Math Sciences
Troy, NY 12181

12



DISTRIBUTION LIST

No. No.
Copies Organization Copies Organization

1 University of Virginia Aberdeen Proving Ground
Department of Mechanical

Aerospace Engineering Director, USAMSAA
ATTN: W. E. Scott ATTN: AMXSY-D
Charlottesville, VA 22904 AMXSY-RA, R. Scungio

1 Ohio State University Commander, UASTECOM

Dept. of Mechanical Engineering ATTN: AMSTE-SI-F
ATTN: Dr. T. Herbert AMSTE-TE-F, W. Vomocil
Columbus, OH PM-SMOKE, Bldg. 324

ATTN: AMCPM-SMK-M
1 Mr. Harold Vaughn Mr. J. Callahan

7709 Gladden N.E.
Albuquerque, NM 87110 Cdr, CRDC, AMCCOM

ATTN: SMCCR-MU
1 Illinois Institute of Technology Mr. W. Dee

ATTN: Mr. Simon Rosenblat Mr. C. Hughes
3300 South Federal Mr. F. Dagostin
Chicago, Illinois 60616 Mr. D. Bromley

Mr. C. Jeffers
Mr. L. Shaft

ATTN: SMCCR-RSr -A
Mr. Miles Miller

ATTN: SMCCR-SPS-IL
SMCCR-RSP-A
SMCCR-MU

a13



USER EVALUATION SHEET/CHANGE OF ADDRESS

This Laboratory undertakes a continuing effort to improve the quality of the
reports it publishes. Your comments/answers to the items/questions below will
aid us in our efforts.

1. BRL Report Number Date of Report

2. Date Report Received

3. Does this report satisfy a need? (Comment on purpose, related project, or
other area of interest for which the report will be used.)

4. How specifically, is the report being used? (Information source, design
data, procedure, source of ideas, etc.)

S. Has the information in this report led to any quantitative savings as far

as man-hours or dollars saved, operating costs avoided or efficiencies achieved,
etc? If so, please elaborate.

4" 6. General Comments. What do you think should be changed to improve future
reports? (Indicate changes to organization, technical content, format, etc.)

Name

CURRENT Organization

ADDRESS Address

City, State, Zip

7. If indicating a Change of Address or Address Correction, please provide the

New or Correct Address in Block 6 above and the Old or Incorrect address below.

Name

OLD Organization
0 ADDRESS

Address

City, State, Zip

(Remove this sheet, fold as indicated, staple or tape closed, and mail.)

-4qW ... r



- - - - -~FOLD HERE-

*Director I111INO POSTAGE
U.S. Army Ballistic Research Laboratory I 11 NECESSRY
ATTN: SLCBR-DD-T 1111IIF MAILED
Aberdeen Proving Ground, MD 21005-5066 1 IN THE I

*UIE STATES1

OFFICIAL BUSINESS
PENALTY FO RVT S. $W BUSINESS REPLY MAIL

FIRSTCLASS PERMIT NO 12062 WASMINGTOI4,OC

POSTAGE WiLL BE PAID BY DEPARTMENT OF THE ARMY

Director
U.S. Army Ballistic Research Laboratory
ATTN: SLCBR-DD-T_______
Aberdeen Proving Ground, MD 21005-9989

---------------- FOLD HERE - - - -- - -



.4, S
S

p~.

~a.

1./s

A.
.1~

0
5~

V

u~u~

~

S
1.~

5%4.

'N.'
S

1.~ e
'5:-p
5%~

p..

S
NW

N

0


